Arch. Rational Mech. Anal. 239 (2021) 1-48
Digital Object Identifier (DOI) https://doi.org/10.1007/s00205-020-01549-9

l‘)

Check for
updates

A Microscopic Model for a One Parameter
Class of Fractional Laplacians with Dirichlet
Boundary Conditions

C. BERNARDIN, P. GONCALVES & B. JIMENEZ-OVIEDO

Communicated by A. GARRONI

Abstract

We prove the hydrodynamic limit for the symmetric exclusion process with long
jumps given by a mean zero probability transition rate with infinite variance and in
contact with infinitely many reservoirs with density « at the left of the system and
at the right of the system. The strength of the reservoirs is ruled by « N~ > 0. Here
N is the size of the system, k > 0 and 8 € R. Our results are valid for & < 0. For
6 = 0, we obtain a collection of fractional reaction—diffusion equations indexed
by the parameter x and with Dirichlet boundary conditions. Their solutions also
depend on k. For 6§ < 0, the hydrodynamic equation corresponds to a reaction
equation with Dirichlet boundary conditions. The case 6 > 0 is still open. For that
reason we also analyze the convergence of the unique weak solution of the equation
in the case & = 0 when we send the parameter « to zero. Indeed, we conjecture
that the limiting profile when ¥ — 0 is the one that we should obtain when taking
small values of 8 > 0.

1. Introduction

Normal (diffusive) transport phenomena are described by standard random walk
models. Anomalous transport, in particular transport phenomena giving rise to su-
perdiffusion, are nowadays encapsulated in the Lévy flights or Lévy walks frame-
work [7,8] and appear in physics, finance and biology. The term “Lévy flight”
was coined by Mandelbrot and is nothing but a random walk in which the step-
lengths have a probability distribution that is heavy tailed. A (one-dimensional)
Lévy walker moves with a constant velocity v for a heavy-tailed random time t
on a distance x = vt in either direction with equal probability and then chooses
a new direction and moves again. One then easily shows that for Lévy flights or
Lévy walks, the space-time scaling limit P (x, t) of the probability distribution of
the particle position x () is solution of the fractional diffusion equation

P =—c(—A)?P, (1.1)
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where ¢ is a constant and y € (1,2). In physics, the description of anomalous
transport phenomena by Lévy walks instead of Lévy flights is sometimes preferred
despite the two models having the same scaling limit form provided by (1.1) because
the first ones have a finite speed of propagation (see [7] for more details).

While Lévy walks and Lévy flights are today well known and popular models
to describe superdiffusion in infinite systems in various application fields, there
have recently been several physical studies pointing out that it would be desirable
to have a better understanding of Lévy walks in bounded domains. For bounded
domains, boundary conditions and exchange with reservoirs or environment have
to be taken into account. A particular interest for this problem is related to the
description of anomalous diffusion of energy in low-dimensional lattices [9,19]
in contact with reservoirs [10,11,18,20]. It is for example argued in [20] that
the density profiles of Lévy walkers in a finite box with absorbtion-reflection-
creation well reproduces the temperature profile of some chains of harmonic os-
cillators with conservative momentum-energy noise and thermostat boundaries.
It is well established that superdiffusive systems are much more sensitive to the
reservoirs and boundaries than diffusive systems but quantitative informations,
like the form of the singularities of the profiles at the boundaries, are still miss-
ing.

In this work, motivated by these studies, we propose a simple interacting par-
ticle system which may be considered as a substitute to Lévy flights in bounded
domains with reservoirs when Lévy flights are moreover interacting. Indeed, the
previous studies consider only non-interacting cases. The system considered here
is composed of interacting Lévy flights on a one-dimensional lattice. More ex-
actly, the system is an exclusion process on a finite lattice of size N with jumps
having a distribution in the form p(z) ~ |z|~+Y) with y > 0, and in contact
with some reservoirs at density « (resp. f) at its left (resp. right boundary). The
reservoirs’ coupling is modulated by a prefactor k N~?, k > 0, & € R. In this
work we focus on the case y € (1, 2) (the case y > 2 was solved in [4]) and we
also restrict to the case & < 0. The cases & > 0, y € (0, 1] and y = 2 remain
open.

Our main result is the derivation of the hydrodynamic limit for the density of
particles for this system. The limiting PDE depends on the value of « and takes the
form of a fractional heat equation with a singular reaction term, see (2.10)." The
singular reaction term fixes the density on the left to be o and on the right to be
B. In our opinion this singular reaction term, which is due to the presence of the
reservoirs, should be considered more as a boundary condition than as a reaction
term. We obtain in this way a new family of regional fractional Laplacians on [0, 1]
with zero Dirichlet boundary conditions indexed by « and taking the form

Le=L—«Vi, Viw)=r"()+rTw), (1.2)

! In the diffusive case y > 2 the limiting PDE is given by the heat equation with Dirichlet
boundary conditions [4]. It does not depend on «.
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where

r(u) = cyyflzfy and rt(u) = c),yfl(l —u)7

and ¢, is a constant depending on y. These operators are symmetric non-positive
when restricted to the set of smooth functions compactly supported in (0, 1). For
k = 1, we recover the so-called restricted fractional Laplacian while in the limit
k — 0 we get the so-called regional fractional Laplacian. We recall that since the
fractional Laplacian is a non-local operator, the definition of a fractional Lapla-
cian with Dirichlet boundary conditions is not obvious from a modeling point of
view. In the PDE’s literature several candidates have been proposed, for instance,
“restricted fractional Laplacian”, “spectral fractional Laplacian”, “Neumann Frac-
tional Laplacian™ [2,23], but often without a clear physical interpretation. A prob-
abilistic interpretation of these operators is sometimes possible and may enlighten
their meaning. The restricted fractional Laplacian (x = 1) corresponds to the gener-
ator of a y-Lévy stable process killed outside of (0, 1), while the regional fractional
Laplacian (¢ = 0) corresponds to the generator of a censored y -Lévy stable process
on (0, 1) [5,15]. For k # 0, 1 we could rely on the Feynman—Kac formula but we
do not pursue this issue here. As mentioned above our reservoirs are regulated by
the parameters k N =0 k> 0 and in this work we focus on the case & < 0. The
case 6 > 0 is quite interesting and we conjecture that for small values of 6 > 0
it is given by (2.10) for the choice ¥ = 0. To support this conjecture, in Theorem
2.13, we analyse the convergence of the profile that we obtained for & = 0 and
which is indexed in k, when x — 0 (we also analyse the case k — oo confirming
the behaviour obtained from the microscopic system when 6 < 0) and indeed, we
obtain that the limiting profiles are weak solution of the conjectured equation. We
remark that the main problem in analysing the behavior of the microscopic system
in this case is at the level of the derivation of the Dirichlet boundary conditions,
since the two-blocks estimate does not work. We leave this open problem for a
future work. After having obtained the hydrodynamic limits, we have studied their
stationary solutions p*, which are not explicit apart from the case k = 1 and the
case Kk = 00,1i.e. p°° = lim,_, » p*. These profiles coincide with the profiles of the
microscopic system in their non-equilibrium stationary states (see [3] for the k =1
case). The bounded continuous function p“ has o and B as boundary conditions
and solves in a distributional sense the equation

L p* = —kcVo, Vo) = ar™ @) + pr(u). (1.3)

There are many recent studies focusing on the regularization properties of frac-
tional operators in bounded domains. Even in this one dimensional setup, the ques-
tion is in general non trivial. For k = 1, p* can be computed explicitly and it appears
that it is smooth in the interior of [0, 1] but has only Holder regularity equal to y /2
at the boundaries. For k # 1, it should be possible to prove the interior regularity
of p* by some existing methods [21] but the boundary regularity that numerical
simulations seem to indicate depends on « is much more challenging and seems to
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be open. We prove that as k — 0, 5 — p” in a suitable topology and that 5 is a
weakly harmonic function of the regional fractional Laplacian L, i.e. we can take
k = 01in (1.3). We left these interesting questions for future works.

The paper is organized as follows: in Section 2 we introduce the model and we
present all the PDE’s that will be related to its hydrodynamic limit. We also present
the main results of this work, namely the hydrodynamic limit stated in Theorem
2.12, the convergence, when x — 0 and when ¥k — oo, of the hydrodynamical
profile in Theorem 2.13 and of the stationary profile in Theorem 2.15. Section 3
is devoted to the proof of Theorem 2.12 while Sections 4 and 5 are dedicated,
respectively, to the convergence of the hydrodynamical profile and of the stationary
profile. Finally, in Section 6 we prove the uniqueness of all the weak solutions that
we consider in this work.

2. Statement of Results

2.1. The Model

For N > 2 let Ay = {1,..., N — 1}, which we refer to as the bulk. The
boundary driven exclusion process with long jumps is a Markov process that we
denote by {n(#)};>0 with state space Qn := {0, 1}A¥ and it is defined as follows.
The configurations of the state space 2y are denoted by 7, so that for x € Ay,
nr = 0 means that the site x is vacant while n, = 1 means that the site x is
occupied. Fix y € (1,2). Let p : Z — [0, 1] be a translation invariant transition
probability defined by

Tiz0
p@) =c, |Z{|Zf+1} : @.1)

where ¢, > 0 is a normalizing constant. Since y € (1,2), we know that p has
infinite variance but finite mean.

We consider the process in contact with infinitely many stochastic reservoirs at
the left and right of A . We fix the parameters «, 8 € (0,1),x > Oand 6 < 0.
Particles can be injected into any site z of the bulk from: the left of O at rate
akN~? p(z) or from the right of N at rate Sk N -6 p(z2). Particles can be removed
from any site of the bulk to: the left of 0 at rate (1 —a)x N ~? p(z) and to the right of N
atrate (1—B)x N~? p(z). To properly describe the dynamics, at each pair of sites of
the bulk {x, y} we associate a Poisson process of intensity one and Poisson processes
associated with different bonds are independent. Whenever a clock associated with
abond {x, y} rings, the values of 7, and 5, are exchanged with rate p(y —x)/2. At
the boundary the dynamics is described as follows. To each pair of sites {x, y} with
x € Ay and y <0 (resp. y > N ) we associate a Poisson process of intensity one
and of them are independent. If the clock associated with the bond {x, y} rings, the
value of 7, changes to 1 — n, with rate KN’ep(x — [ —a)ne +a(l —ny)]
(resp. k N~ p(x — y) [(1 = B)nx + B(1 — ny)]). The dynamics is illustrated in the
Fig. 1.

The process is characterized by its infinitesimal generator

Ly =LY% +.NTL, +eNTILY, (2.2)
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which acts on functions f : Qy — R as

1
LEHW =5 3 pa =L@ m = o).

X, YEAN

LY = Y plr = e a)lf @ n) — F)],
=
Ly = Y plx = el HLF @ n) — F@),

XeEAN
y=N

2.3)

where
nz, if z#x,y,
(™), =ny, if z=x, , ('n);=
ne, if z=y

Nz, if 7 # x,
1 —ny, if z=1x,

and for a function ¢ : [0, 1] — R and for x € Ay we used the notation

e 9()) =[x (1 — 0(3)) + (1 = noe()]. (24)

We consider the Markov process speeded up in the subdiffusive time scale
t®(N) and we use the notation T),N = n(tO(N)), so that ntN has infinitesimal
generator © (N )L y. Although r;tN depends on «, 8 6 and k, we shall omit these
indexes in order to simplify notation.

2.2. Hydrodynamic Equations

From now and for the rest of this article we fix a finite time window [0, T].
To properly state the hydrodynamic limit, we need to introduce some notations
and definitions, which we present as follows: first we abbreviate the Hilbert space
L2([0, 11, h(u)du) by L% and we denote its inner product by (-, -);, and the corre-
sponding norm by || - ||;. When 7 = 1 we simply write L2, (-,-) and || - ||. For an
interval / in R and integers m and n, we denote by C"™" ([0, T] x I) the set of
functions defined on [0, T'] x [ that are m times differentiable on the first variable
and n times differentiable on the second variable, with continuous derivatives. We
denote by C2°(I) the set of all smooth real-valued functions defined in I with
compact support included in /. The supremum norm is denoted by || - [|oo. We also
consider the set Cc!’oo([O, T1 x I) of functions G € C1*°([0, T'] x I) such that
G(t,) € C*(I) for all t € [0, T]. An index on a function will always denote
a variable, not a derivative. For example, G;(#) means G(t, u). The derivative of
G € C™"([0,T] x I) will be denoted by 9,G (first variable) and 9,G (second
variable).

The fractional Laplacian —(—A)?/? of exponent y /2 is defined on the set of
functions G : R — R such that

®_ 16wl 25
o Ty o &
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o G) —Gu)
—(—AY/2 — i " w,

(—2)G W) = ¢, Elg%f_ooll\u_um e (2.6)
provided the limit exists (which is the case, for example, if G is in the Schwartz
space) and where c,, is set in (2.1). Up to a multiplicative constant, —(=A)? s
the generator of a y-Lévy stable process.

We define the operator L by its action on functions G € C2°((0, 1)), by

Gw) —Gu)

1
Vue (0,1), LG)u)=c, sh—r>r(l)/() Wiu—v|ze lu — v|1+7

The operator I is called the regional fractional Laplacian on (0, 1). The semi
inner-product (-, -), /2 is defined on the set C2°((0, 1)) by

(H@w) — Hw)(G(u) — G(v))
(G,H)yp =—+ /[0 o PR dudv. 2.7

The corresponding semi-norm is denoted by || - ||, /2. Observe that for any G, H €
C2°((0, 1)) we have that

(G, —LH) = (-LG, H) = (G, H)y 2.
Recall (1.2). We introduced a family of operators indexed by « and taking the form
L, =L—-«Vy,

where V| was defined in 1.2. Acting on C2°((0, 1)) these operators are symmetric
and non-positive. For k = 1, we recover the so-called restricted fractional Laplacian
(see [23]):

Vu € (0,1), —(—=A)2G (u) = (LG)(u) — Vi(w)Gu) := (L1G)(u), (2.8)

while in the limit k — 0 we get the regional fractional Laplacian.
We rewrite Vi (1) = r~(u) + rT(u) and Vo(u) = ar ~(u) + Br+(u) where the
functions r* : (0, 1) — (0, c0) are defined by

rrw =c,y T, rtw) =cy i —w)7. (2.9)

Definition 2.1. The Sobolev space .#7/? := #7/?([0, 1]) consists of all square
integrable functions g : (0, 1) — R such that | g]|, 2 < oo. This is a Hilbert space
for the norm || - || 5v/2 defined by

I3 = lgI? + gl -

Its elements coincide a.e. with continuous functions. The completion of C2°((0, 1))
for this norm is denoted by .77 v/ 2 = 7 v/ 2([0 1]). This is a Hilbert space whose
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elements coincide a.e. with continuous functions vanishing at 0 and 1. On %’67// 2,
the two norms || - || ;2 and || - ||, /2 are equivalent.

The space L2(0, T; 77/?) is the set of measurable functions f:00,T] —
712 such that

T
2
/ 11y adt < oo,
0

The spaces L2(0, T; %’//2) and L2(0, T; L,%) are defined similarly.

We now extend the definition of the regional fractional Laplacian on (0, 1),
which has been defined on C*((0, 1)), to the space .27/

Definition 2.2. For p € /% we define the distribution Lp by
(Lp, G) = (p,LG), G e C0,1)).

Let us check that Lp is indeed a well defined distribution. Consider a sequence
{Gpln=1 € C2°((0, 1)) converging to 0 in the usual topology of the test functions.
By the integration by parts formula for the regional fractional Laplacian (see The-
orem 3.3 in [15]) we have for any p € 7/ that (Lp, G,) = (p, Gp)y 2. Now
using the Cauchy—Schwarz’s inequality and the mean value Theorem, we get that
(Lp, G,) is bounded from above by a constant times

ol 2G2S 1ol 210Gl [ =o'~ dude
[0,1]

which goes to 0 as n — oo since ¥ € (1,2). Therefore Lp is a well defined
distribution.

Above (and hereinafter) we write f(u) < g(u) if there exists a constant C
independent of u such that f(u) < Cg(u) for every u. We will also write f(u) =
O(g(u)) if the condition | f (u)| < |g(u)| is satisfied. Sometimes, in order to stress
the dependence of a constant C on some parameter a, we write C(a).

2.3. Hydrodynamic Equations

Now, for the following definitions recall the definition of I, given in (1.2) and
Vo from (1.3).

Definition 2.3. Let £ > 0 be some parameter and let g : [0, 1] — [0, 1] be a mea-
surable function. We say that p’? 1[0, T]x [0, 1] — [0, 1] is a weak solution of the
non-homogeneous regional fractional reaction—diffusion equation with Dirichlet
boundary conditions given by

8o (u) = L of () + Vo), (t.1) €0, T] % (0. 1),
prO) =a, pf()=p. 1€l0.T], (2.10)
piw) = g@), ue 1),

if :
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() pX € L2(0, T; s27/?).
2
Giy fJ {(“ AC) +oel A }dudt < cofork > 0;pf(0) = a, p (1) = B

for almost every ¢ € [0, T], for k=0.
(iii) For all # € [0, T'] and all functions G € CCI’OO([O, T] x (0, 1)) we have that

Fpir(t, p*, G, g) :=<pf, Gz) — (g, Go)
t

_ /0’ <,o_fv (83 +L,Q)Gs>ds —;2/0 (G, Vo) ds = 0.

@2.11)

Remark 2.4. Note that item (ii) is different for £ > 0 and € = 0. We can see that
the condition for & = 0 is weaker than the condition for & > 0. In fact, item (i) and
item (ii) for € > 0 of the previous definition imply that ,o;2 (0) = @ and pf (H =8,
for almost every ¢ in [0, T]. Indeed, first note that by item (i) we know that p; is
%-Hélder for almost every ¢ in [0, T'] (see Theorem 8.2 of [13]). Then, we note

that
/ (AR _/ﬂmyI/W&@—m%mI
Yy — 1 0o &—0 o uv

By summing and subtracting ,of (u) inside the square in the expression on the right
hand side in the previous equality and using the inequality (a + b)? < 2a* + 2b?
we get that the right hand side of the previous equality is bounded from above by

2 [t [ O WR,,
0

e—0

+2/ llmeV ]/ (,o,(u)

Since p; is VT_I-Hélder for almost every ¢ in [0, 7] the first term in the previous
expression vanishes. Now, the term on the right hand side in the previous expression
is bounded from above by

T ol Ry N2
2 1lim ¥~} / / Mdudl‘,
e—0 o Jo uv

which vanishes as a consequence of item (ii). Thus, we have that

T [ Ry 2
(pf (0) — ) & —o.
0 y—1

whence we get that pf (0) = o for almost every ¢ in [0, T']. Showing that pf (Hh=28
for almost every 7 in [0, T] is completely analogous.

Moreover, the existence and uniqueness of a weak solution to the equation
above, for £ > 0 does not require the strong form of (ii). Nevertheless, in order to
prove Theorem 2.13 we need to impose that condition.
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Remark 2.5. Observe that in the case & = 1, since L; = —(—A)"/? we obtain
in Definition 2.3 the fractional heat equation with reaction and Dirichlet boundary
conditions, i.e.

dqplw) =Liplw) + Vo), (t,u)el0,T]x(0,1),
pl(0)=a, pl(1)=p, tel0,T],
pyu) = gw), ue 1),

by (2.8) and (1.2) the notion of item (iii) is reduced to
t
Foirte.p'.G.9) = o} G = (8. Go) = [ (o} (8 = (=0)77) G
0
t
- [ (Gowyas =0
0

for all # € [0, T'] and all functions G € C§’°°([o, T] x (0, 1)).

Definition 2.6. Let £ > 0 be some parameter and let g : [0,1] — [0,1] be a
measurable function. We say that p* : [0, T'] x [0, 1] — [0, 1] is a weak solution of
the non-homogeneous reaction equation with Dirichlet boundary conditions given
by
3 pf (u) = =R pf W)V () + & Vo), (1,u) €[0,T]x (0, 1),
pr(0)=a, pf()=4, 1€[0,T], (2.12)
oo W) = gu), ue(0,1),
if:
_ ok 2 _ R 2
(1) f()T f()l {(0‘ :Zty(”)) + (ﬁ(llitu()uy)) }du dt < oco.
(ii) For all ¢ € [0, T'] and all functions G € Ccl.’oo([O, T] x (0, 1)) we have

A A t A
FReac(tv /OK, Gv g) :=<10;(7 Gt> - <ga GO) - f <p’§(7 BSG.S‘>dS
0

t, 1
+/ <p§,Gs> ds—;z/ (G, Vo) ds = 0.
0 Vi 0
2.13)

Remark 2.7. Note that the explicit solution of (2.12) is given by

52 ) + (g(u) — p>(u))e V1),
Vo(u)

Vi(u)
in the proof of our main results, namely, Theorems 2.13 and 2.15.

where p*°(u) = . As we will see, the function p* plays an important role

Lemma 2.8. The weak solutions of (2.10) and (2.12) are unique.

Aiming to concentrate on the main facts, the proof of previous lemma is postponed
to Section 6.
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Definition 2.9. Let £ > 0 be some parameter. We say that ,6’? : [0,1] — [0, 1]
is a weak solution of the stationary regional fractional reaction—diffusion equation
with non-homogeneous Dirichlet boundary conditions given by

L; % <Vo(u) =0 0,1
_E/O (u) +i _(32(”) , ue(,1), 2.14)
if:

() p* e V2,

L (@rfw) (s w) . .
(ii) L Vdu < oo if £ > 0and 55 (0) = a, 5F (1) = B
ifkc =0.
(iil) For any function G € C2°((0, 1)) we have

Fpir(5*. G) = (5", L G) + & (G, Vo) = 0.

Remark 2.10. We observe that 5 is a weak harmonic function for I and the interior
regularity of this solution is studied in [21], but the regularity at the boundary is
unknown.

In Section 6 we will prove the following lemma.

Lemma 2.11. There exists a unique weak solution of (2.14).

2.4. Statement of Results

First we want to state the hydrodynamic limit of the process {nlN }r>0 with state
space Qy and with infinitesimal generator ® (N)L y defined in (2.2).

Let .2 be the space of positive measures on [0, 1] with total mass bounded
by 1 equipped with the weak topology. For any configuration n € Qy we define
the empirical measure 7 (17, du) := 7% (n, du) in Qy by

1
N, du) = ~ 1 > N (du), (2.15)

xXeAN

where 8, is a Dirac mass at a € [0, 1] and 7N (n, du) := 7N (n, du).

Let g : [0,1] — [0, 1] be a measurable function. We say that a sequence
of probability measures {uy}y=1 in Q2 is associated to the profile g if for any
continuous function G : [0, 1] — R and every § > 0

. 1 . 1
1\/11—r>nooMN neQy: N Z G(N)nx_/o Gugw)du| > 6§ | =0.

xXeAN

We denote by IP,,,, the probability measure in the Skorohod space Z ([0, T'], 2x)
induced by the Markov process r;tN and the initial measure p y in 2y and we denote
by E,,,, the expectation with respect to IP,,,,. Let {Qx } y>1 be the sequence of prob-
ability measures on the Skorohod space 2([0, T], .#*) induced by the Markov
process {7} };>0 and by P, , .

At this point we are ready to state the hydrodynamic limit of the process T);N .
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Theorem 2.12. (Hydrodynamic limit) Let g : [0, 1] — [0, 1] be a measurable
Sfunction and let {un}N>1 be a sequence of probability measures in Qy associated
to g. Then, forany 0 <t <T,

. 1 X
Jim Py (0 € 200,71, ¢ | Y G (§) ntON)
xXeAy
> 8) =0,

where the time scale is given by ©(N) = NY+? and pf is the unique weak solution

of:

e 2.12) withik =k, if 6 <O;
o (2.10) with & =k, if § = 0.

1 A
- /0 G w)py (u)du

Once the hydrodynamic limit is obtained, we would like to know how the weak
solution pf and the stationary solution p* behave as « goes to 0 or co and this
is the purpose of Theorems 2.13 and 2.15 stated below. This limiting profile will
give us an idea of what to expect at the hydrodynamics level when we consider
our microscopic dynamics in contact with reservoirs whose strength is regulated
by k/N? and when 6 > 0 as in [4]. As mentioned in the introduction we do not
analyze the system in this regime but we conjecture that for small positive values
of & > 0 (that corresponds to slow reservoirs) the hydrodynamic limit should be
given by the weak solution of (2.10) with £ = 0.

Theorem 2.13. Let pg : [0, 1] — [0, 1] be a measurable function. Further, let p*
be the weak solution of (2.10) with k = k and with initial condition py which is
independent of k and let pf := p;‘/K,for allt € [0, T]. Then

(i) p* converges strongly to p° in L*(0, T; /%) as k goes to 0, where p° is the
weak solution of (2.10) with k = 0 and initial condition py.

(i) If po — p>° € HV/? then p* converges strongly to p™ in L*(0, T’ L%/l) as
Kk goes to 0o, where p°° is the weak solution of (2.12) with kK = 1 and initial
condition po.

Remark 2.14. The convergence in Theorem 2.13 is also true in L2(0, T; Lz). In
fact, we will see that a crucial step in the proof of the theorem is to show that p*
converges strongly in L*(0, T; L?). Convergence in i) is also true in L*(0, T L, )
and it is a consequence of the fractional Hardy’s inequality (see e.g. [12]).

Theorem 2.15. Let p* be the weak solution of (2.14). Then,

(i) p* converges strongly to p° in Y/ as k goes to 0, where p° is the weak
solution of (2.14) with k = 0.

(ii) p* converges strongly to p*° in L%,l as k goes to 0o, where p°° is given in
Remark 2.7.



A Microscopic Model for a One Parameter Class 13
3. Proof of Theorem 2.16: Hydrodynamic Limit

The proof of this theorem follows the usual approach of convergence in distri-
bution of stochastic processes: we prove tightness of the sequence {Qy}y>1 and
then we prove uniqueness of the limiting point, which we denote by Q. These two
results combined give the convergence of {Quy}y>1 to Q, as N — oo. In order to
characterize the limiting point QQ, we prove that all limiting points of the sequence
{Qn}n>1 are concentrated on trajectories of measures that are absolutely continu-
ous with respect to the Lebesgue measure and whose density pf is a weak solution
of the hydrodynamic equation as given in Definition 2.3. From the uniqueness of the
weak solutions of this equation, namely Lemma 2.11, we conclude that {Qn}n>1
has a unique limit point Q.

First, in the following subsection we explain how the item (iii) in Definition
2.3 appears. In Section 3.2 we prove that {Qy} > is tight, then in Section 3.3 we
obtain energy estimates which are crucial to ensure the uniqueness of the limiting
point. We conclude this section with the characterization of the limiting point (in
Section 3.4).

3.1. Heuristics for the Hydrodynamic Equations

In order to make the presentation simple, let us fix a function G : [0, 1] - R
which does not depend on time and has compact support included in (0, 1).
By Dynkin’s formula (see Lemma A.5.1 in [16]) we have that

t

M{V(G)=<nlN,G>—<ng’,G>—/O O(N)Ly (7N, G)ds (3.1

s 0

is amartingale with respect to the natural filtration {.%; };>0 where .%; := o ({n(s)}s<¢)
forallt € [0, T].
Above, for an integrable function G : [0, 1] — R, we used the notation (N, G)

l 9
to represent the integral of G with respect the measure n,N :

1

(n,N, G> = == 2 G () ntom),

XEAN

In the previous expression, we are using a measure 7" and a function G, therefore,
this notation should not be mistaken with the one used for the inner product in L?.
Note that L y 7, is equal to

Y- PG =0y = nd+ 17 D P = e = ]

YEAN y<0

17 O PG =W — nil.

y=N



14 C. BERNARDIN ET AL.

Therefore, a simple computation shows that

N _ONV) N KO(N)
OMLN (", G)) = T— 1XEZAN(,&,”NG)(N)nx + DN
3 GG (ry e — 1) +rEG(B = n0)
xelAy

(3.2)

where we denote by £y G the continuous function on [0, 1] which is defined as
the linear interpolation of the function

(NG = Y pO—0[CE) —G()] (3.3)

YEAN

for all x € Ay with (XNyG)(0) = (LyG)(1) = 0. We also define the functions
rlj\; : [0, 1] — R as the linear interpolation of the function

NG =D, G = Y p(y) (3.4)

y=x y<x—N

forall x € Ay with 3 (0) = ry(4) and ri (1) = ry(2-). By Lemma 3.3 in [3]
we have that

lim N”(ry)(u) =r~(u), lim NY@r{)@) =rt
im (ry) @) =r=(u) im (ry) @) =r"(u) (3.5
uniformly in [a, | —a] fora € (0, 1) and we also can deduce from that lemma that

Nlim N”(ZnG)(u) = (LG)(u) (3.6)

uniformly in [a, 1 — a], for all functions G with compact support included in
la, 1 —al].

Now, we are going to analyse all the terms in (3.2) for & < 0. Thus, we will
be able to see how the different boundary conditions appear on the hydrodynamic
equations given in Section 2.3 from the underlying particle system.

3.1.1. The Case # < 0 In this regime we take ®(N) = N?*? and a function
G € C2°(0, 1). By using (3.6) we have that the first term on the right hand side
of (3.2) vanishes since 6 < 0. Now, the second term on the right hand side in
(3.2)isequalto k(o — N, N Gry) +«(B—nlN, NV Gry). By (3.5) the previous
expression converges, as N goes to 0o, to

1 1
i« /O (o = P )G (uyr~ (w)du + & /0 (B — pF )G (u)r™ (u)du

1

1
= —K/ pf(u)G(u)Vl(u)du—}—K/ G u)Vo(u)du.
0 0
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3.1.2. The Case ® = 0 In this regime we take N? and a function G € CZ°(0, 1).
The first term on the right hand side in (3.2) can be replaced, thanks to (3.6) by

1
(7N, LG) — / (LG)(u)pf (u)du,
0

as N goes to co. Similarly, the second term on the right hand side of (3.2) is equal
to k{0 — n,N, NYGry) +x{B — n,N, NY Gr;;) which converges, as N goes to oo,
to

1 1
K/o (@ = pf )G )r™ (u)du + K/o (B — pf )G @)r™* (u)du

1

1
= —K/ pf(u)G(u)Vl(u)du—i—K/ G(u)Vy(u)du.
0 0

This intuitive argument is rigorously proved in Section 3.4.

3.2. Tightness

In this subsection we prove that the sequence {Qy}y>1 is tight. We use the
usual approach (see, for example, Propositions 4.1.6 and 4.1.7 in [16]), which says
that is enough to show that, for all ¢ > 0

limlimsup sup P, [nN € 2(10, T1, 2n)

=0 N>oo €I, T<8

NN L Gy — (xh, G)‘ > e] —0, 3.7)
for any function G belonging to C([0, 1]) . Above 77 is the set of stopping times
bounded by 7" and we implicitly assume that all the stopping times are bounded by
T, thus, T + T should be read as (t 4+ 7) A T. Indeed, we prove below that (3.7) is
true for any function G in Cf,((O, 1)), by using an L' approximation procedure(a
similar argument as done in [4]), we can extend this class of functions to functions
G € C([0, 1]).

Proposition 3.1. The sequence of measures {Qn}n>1 is tight with respect to the
Skorohod topology of 2([0, T, A4 T).

Proof. Note that, we are going to prove (3.7) for functions G in Cf.((O, 1)). Recall
from (3.1) that MtN (G) is a martingale with respect to the natural filtration {.%; };>0.
In order to prove (3.7) it is enough to show that

+7T
lim limsup sup [E,, |:/ O(N)Ly (m; ,G)ds i| =0 3.9)
=0 N>oo eI, T<8 T
and
lim limsup  sup K, [(Mﬁv (G) — M! +T(G)> } 0. (3.9)
=0 Nsoo e Fr,7<8
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By using (3.5), (3.6) and the fact that G € Cz((O 1)) we can bound the expression
in (3.2) by a constant. By using the fact that In (s)] < 1and

YN G) +ri(3) < o0 (3.10)
x>1

(since y > 1), we can bound from above the second term at the right hand side in
(3.2) by a constant times ®(N)N —1-0 Considering the different values of 6 we
see that such term is bounded from above by a constant. Then we have that

OV Ly ()Y, G)| S 1 (3.1
for any s < T, which trivially implies (3.8).

In order to prove (3.9), by Dynkin’s formula (see Appendix 1 in [16]) we know
that

(@) = [0 [xtal 67 24 61 Lt 6] 0

is a martingale with respect to the natural filtration {.%;},>0. By Lemma A.1 we get
that the term inside the time integral in the previous expression is equal to

(N ,
ﬁ Y (G(3) =G (H) P =My EOWN) = n(sOM))?
x<yeAn
(N
(NK_ i)z)Ne Z (%)) 21— 20 (sO N7y (57) (@ — 1nx (sO(N)))
XEAN

KO(N) ) L
) (1= 20 (SO () (B — na (sO(N))).

(N (N — 1)2N¢ X§N v) NN

(3.12)

Since the first derivative of G is bounded it is easy to see that the absolute value of
(3.12) is bounded from above by a constant times

O(N
—(N( )) Y G=yp -y
x,yeAN
(3.13)
KO(N) x
+(N—1)2N9 Z N rN(N)+rN( ))
xeAy

Note that (x — y)>p(x — y) <1 because y > 1, so that

O(N)

(N — 1)* Z (x — )’)zp(x -y SJ(*D(N)N*2 = ﬁ(NV*2)‘

X, yEAN

By (3.10), the remaining terms in (3.13) are O(O(N)N~972) 5o that (3.13) is
O(NY~2).
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Thus, since 7 is a stopping time and y < 2, we have that

2
lim limsup  sup E [(Mi\/,c _MN,C_;) ]

T+T
=0 N>oo eI, T<8

= 11m limsup sup E v
-0 NSoo te€eIr,T<8

[ O(N) LN( ,G)Z—z(n;V,G>LN<n;V,G>]ds]
=0.

Therefore, we have proved (3.7) for functions G in CCZ((O, 1)) and as we have
said in the beginning of the subsection this is enough to conclude tightness. O

3.3. Energy Estimate

We prove in this subsection that any limit point Q of the sequence {Qn}n>1
is concentrated on trajectories 7/ (#)du with finite energy, i.e., 7 belongs to
L2(0, T; 27/ 2) Moreover, we prove that 7/ satisfies item (ii) in Definition 2.3.
The latter is the content of Theorem 3.2 stated below. Fix a limit point QQ of the
sequence {Qx}n>1 and assume, without of loss of generality, that the sequence
Qu converges to Q as N goes to 0.

Theorem 3.2. The probability measure Q is concentrated on trajectories of mea-
sures of the form m[ (u)du, such that for any interval 1 C [0, T] the density m*
satisfies

M f; ||n, I3 pde S11(c + 1), if 6 = 0.
_ 2 _ 2
(11)f/ {a 7 (1)) +(’3 7 () }du dt,§|l|';—1, ifo <O0.

(1 —u)y

Remark 3.3. It follows from item (i) of the previous and from Theorem 8.2 of [13]
that 7/ is, P almost surely, VT_I-Hélder forallt € 1.

By taking I = [0, T] in item (i) of Theorem 3.2 we can see that 7 €
L%(0, T; #7/%). Moreover, from item (ii) of Theorem 3.2, we claim that

1
/nnf - Al <IN (3.14)
I K
where p°° is given in Remark 2.7. Note that

5% (u))?
/.”771 _POO”Vldt—cyy*l//‘ {(77 (u) — (u))

(7Tl (u) — p™(u))?
(1 —uy

(3.15)

} duds.
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By summing and subtracting « inside the first square in the expression on the right
hand side in (3.15), § in the second one and using the fact that (a + b)? < 2(a?+b?)
we get that (3.15) is bounded from above by

_ Yk —a)? (ki u) — B)?
1 t 1
ey [ ) { S+ S

_ @ =p®w)? (B —p®W)?
1
+ 2¢py ﬁf() { 7 + d—u)y }dudt.

(3.16)

Now, by using item ii) of Theorem 3.2 we have that the first term in the previous
k41
expression is bounded by constant times |/ | L Finally, using the definition of
K

p%° (see Remark 2.7) the second term in (3.16) is equal to

1
2¢,y (B~ (x)2|1|/ W + (1 —uw)) du <1.
0

Before we prove Theorem 3.2, we establish some estimates on the Dirichlet
form which are needed in due course.

3.3.1. Estimates on the Dirichlet Form Let/Z : [0, 1] — [0, 1] be a function
suchthato < h(u) < B,forallu € [0, 1], and assume that 2(0) = e and A(1) = 8.
Let v}lv be the inhomogeneous Bernoulli product measure on 2y with marginals
given by

v,jlv{n:nle}zh(%).

We denote by Hy (,u¢|v;lV ) the relative entropy of a probability measure p© on
Qn with respect to the probability measure v;lv . Itis easy to prove the existence of
a constant Cy, such that

Hy(unlvy) < CoN (3.17)

(see for example [4]). We remark here that the restriction @« # 0 and § # 1
comes from last estimate since the constant Cy given above is given by Cy =
—log(a A (1 — B)). On the other hand, for a probability measure ; on Qx and a
density function f : Qy — [0, oo) with respect to ; we introduce

1
DN Fom =5 3 po=0 L/ fow, (3.18)
x,yeAN
Dy fw =Y Y po-0Ifw=Y ry (&) I
xeAy y<0 XeAN
(3.19)

and D}, (/f, w) is the same as D/{, (W f, ) butin I¥(/f, ) the parameter « is
replaced by 8 and ry, is replaced by r;\?. Above, we used the following notation:

Ly F ) = / (VT m —VT0) du.
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LK Fow = f x(n: ) (Vo) - \/f(n))2du,

where ¢, (1, o) is given in (2.4) with ¢(-) = «; and If is the same as /¥ when the
parameter « is replaced by .

Our goal is to express, for the measure v}]lv , a relation between the Dirichlet
form defined by (Lx+/F, /f) o and the quantity

DnG/f vl S +eN"TDY + kNI DG LY

More precisely, we have the following result:

Lemma 3.4. For any positive constant B and any density function f with respect
to v,jlv , there exists a constant C > 0 (independent of f and N ) such that

G(N) L/ TPy

O(N) C@(N) . 2
< DN(f 5 o po=n(hGH —hG))

X, YEAN
Ck®(N) 2 _ 2
+ s {(h(%) —a) ryGo+ (hG) - B) r,ﬁ(%)} :
xeAy
(3.20)
The proof of this statement is similar to the one in Section 5 of [4] and thus it is

omitted. Moreover, note that as a consequence of the previous lemma, for a function
h such that o < h(u#) < B and h Lipschitz we have that

ON N
( ) (Lo Py < 4;]3)D (VT o) + O(N)N-7 CEN 4D
(321

Lemma 3.5. For any density f with respect to v;lv , any x € Ay and any positive
constant Ay, we have that

1
e O] S oG+ Act () — o
X

The same result holds if « is replaced by B.

The proof of Lemma 3.5 is omitted since is similar to the one of Lemma 5.5 in
[4]. Note that in the case « < h < B and Lipschitz we get

1 X
(Ux_(xyf),,}’v N El;x(\/?,v;lv)-l-Ax—{—N.
X
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3.3.2. Proof of Theorem 3.2 Firstitem: 7 € L>(0, T; #7/?) Q-almost surely.
Recall that in this case 6 = 0 and the system is speeded up in the sub-diffusive time
scale ®(N) = NY.Lete > 0 be a small real number. Let F' € C?’OO(I x [0, 11%),
where the I is a subinterval of [0, T']. Observe that by the entropy inequality

Epy / NYTH T R )P — )y (tNT) — 1 (e N7 ))de
Y X, yEAN
|[x—y|=eN

is bounded from above by

1
Co+ ¥ 10g/ |:e]En[| i NGN(tJIrNV)dII]] V}I,\](d’?): (3.22)
where

Gyt =N"" 3" F& )p0—x)01y — 0o,
X, YEAN
[x—y|=eN

and by Jensen’s inequality we can bound last expression from above by
1 NG d
Co+ 7 logE,y [e'f’ vy Gl (3.23)

Since el < ¥ + ¢~ and

lim sup 1 log(ay + by) < max {lim sup 3 log(ay), lim sup 3 log(by)},
N—o0 N—o0 N—oo

we can remove the absolute value from expression (3.23). By Feynman—Kac’s
formula (see Lemma 7.3 in [1]), we finally have that

E,iy /Ny—l Y R 3P0 — 0y (NY) — e (N7 Y)dr
1 X, YEAN
|[x—y|=eN

sco+fsup{NV‘1 > Ft(%,%m(y—x)f(ny—m)f(n)dv,iv
rf xX,yEAN
[x—y|=eN

+ N7l <LN\/?, \/?> ]dt,

N
Yh

(3.24)
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where the supremum is taken over all densities f on Qy with respect to U}I,V . Note
that, by a change of variables, we have that

N R (ReR) pO —x)/(ny — ) f(n)dvy

X,yEAN
[x—y|=eN
=N Y E G e =0 [, - fona)
X, YEAN
|x—yl[=eN
=N E G e =0 [ (Fo) = fetm)
X, YEAN
[x—y|>eN
FNTS R G0 =0 [ s 0 - 1)
x,yeAN
|x—y|>eN
(3.25)
N/ x,y
where 6% (n) = %@;n) and F¢ is the antisymmetric part of F',i.e.forall¢ €
h

and (u, v) € [0, 117

1
Fou,v) = 5[F,(u, v) — F,(u, u)].

Observe that F/ (u, u) = 0. By Young’s inequality, the fact that f is a density and
[ny| < 1, we have that, for any A > 0, the third term in (3.25) is bounded from
above by a constant times

2 NY-1
1 N
NY1A x;\ ( (% %)) P&y -0+ — XyEEA P =)/ f, o)
ke Zy[zeN xyzeN

x Y
N ﬁ)) 2N71
el DY/ f. ).

— 2
i A

cy A ( t
=N 2
= N2 |£
x,yeAN N
[x—y|=eN

Since & is Lipschitz we have thatsup, .o, 077 () — 1| = (IXN;’I) By Young’s

inequality and the fact that f is a density, for any A" > 0, the last term in (3.25) is
bounded from above by

NY—1 2 . 2

— 2 (E“(%%)) ply—x) + AN H p(y—x)<'xN")
x,yeAN X, yeEAN
[x—y|=eN [x—y|=eN

X, yEAN
[x—y|=eN [x—yl=eN
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Recall (3.21), so that by choosing A = 8 and B = 1 and using the two results
above we have just proved that (3.24) is bounded from above by Cy plus

cy 8+ 1) [Foe, D] ;o
A 1 \N°*N
T m+C(K+1)+CVAA’
x#yeAy 'N N
where
" 1 1
A=supsup —5 )y <00
e>0N>1 x,yeAy |N |
[x—y|>eN

since y < 2. Therefore, we have proved that there exist constants A" and B’
(independent of ¢ > 0, N > 1,and F € C2°(I x [0, 1]2)) such that

EMN[/INV—I Y R N)p(y—x)(nym—nx(t))dt]

x,yeAy
[x—y|=eN
=E,, [ / —2¢,(mN, gy dt}
1
2
Cy (Fta N %)) !
/ Z WI+B|I|(K+1)-

X, yeAy N N
lx—y|=eN

(3.26)
Above the function gN is defined on / x [0, 1] by

1 Ff(u,
gtN(u)zﬁZ M

yEAy |__“|>8|M— A ke

and it is a discretization of the smooth function g defined on (¢, u) € I x [0, 1] by
11 Ff(u,v)
gr(u) = /0 {lv— u|>e}mdv

Let Q, = {(u,v) € [0, 1]%>; |u—v| > &}. Observe first that for symmetry reasons
we have that, for any integrable function 7,

1 _ a
/ w(u)g (u)du = f (w(v) =TI Fy(w, v) dudv.
0 Q.

|u — v|! Y

By taking the limitas N — oo in (3.26), we conclude that there exist constants
C > 0 independent of F € C>*(I x [0, 1]?) and & > 0 such that

E // (70 (v) — 71/ ) Ff' (u, v)
S 0. | — v| 1Y

2

_C (F(u,v))

lu — vty

dudvdt] <k +1).
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Using similar arguments as to the ones in the proof of Lemma 6.1 of [4], we can
insert the supremum over F inside the expectation above, so that

E (f (v) — 7 W) F' (u, v)
Q Sup 0. |u_v|1+y

—cm dududt” <IlGc +1).

|u_v|1+y

Since the function (u,v) € [0, 11? — 7 (v) — 7 (u) is antisymmetric we may
replace F“ by F in the previous variational formula, i.e.

E- | s // (rf (v) — 7f () Fy (u, v)
© Fp 1JJo, lu — v+

2
_c ) dudvdt” <INtk +1).

(3.27)
lu — vty

Consider the Hilbert space L2 ([0, 1]2, due) where . is the measure whose den-
sity with respect to Lebesgue measure is given by (u, v) € [0, 1]> — Wiy—vize lu—
v|~(+Y) By taking

“(tzu,v) el x 0,17 — 7 (v) — ) (u),

the previous formula implies that

Eq [/ // (Hf(u, v))2 dpe (u, v)dt} < ||k +1). (3.28)
1JJ]0,112

Letting ¢ — 0, by the monotone convergence theorem, we conclude that

_ 2
/// (7 (V) 7le (1) dudvdt < o0,
[0,1]2 M — U| +y
Q almost surely.

2 K 2
Second item: // {(a 7 () ('3(1 il ()b;)) }du dt < oo Q almost
—u
surely. Now we have to prove that the function (¢,u) — =/ (u) — « is in the
space L2(I x (0, 1), dr @ du), where p is the measure whose den51ty with respect

to the Lebesgue measure is given by

1
ue1)— —.
u’

A similar argument to the one used in the first item shows that the function (¢, u) —
7 (u) — B belongs to L>([0, T x (0, 1), dt ® du’), where 1’ is the measure whose
density with respect to the Lebesgue measure is given by

(S] [O, 1]—) m
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Let v,llv be the Bernoulli product measure corresponding to a profile 2 which
is Lipschitz such that 2(0) = o < h(u) < B = h(l) for all u € [0, 1]. Let
G € C°(I x [0, 1]). As in the beginning of the proof of Theorem 3.2, using the
entropy and Jensen’s inequalities we get that

/ NN G (%) O (V) —

xXeAy

Hy(unlvy) 1 NIfp NP ceny Giry (%)(m(f@(zv))fa)dn
< — N + v logE,, | e .

Now, using (3.17) and Feynman—Kac’s formula (see Lemma 7.3 of [1]) we obtain
that

/ NS G,rN(%)(nx(z(a(N))—a)dz

xeAnN

§Co+fsup N7~ Z (@m)(%) —a, f
I

XeAN

+ON)N™! <LN\/?, \/?)VN } dr, (3.29)

where the supremun is taken over all the densities f on 2y with respect to v,iv .
Using (3.21) with B = 1 we can bound from above the second term on the right
hand side of (3.29) by

_OW)

N DN/ f o)) + CONINTY (N~ + 1),

and from Lemma 3.5 with A, = %Gt (%) the first term on the right side of (3.29)
is bounded from above by

A 3 ()6 () e s

XeAN

Taking N — oo we can conclude that there exists a constant C’ > 0 independent
of G and of ¢ such that

) —a)Giw) ' GHu <
ke [/1/0 ( ulv T Ty dudt | S|k + 1),

From Lemma 6.1 in [4] we can insert the supremum over G inside the expectation
above, and we get
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1 K _ ;7 2
Eg | sup // (7 W) —Giw) - C7Gr(w) dude § | <k +1).
G |J1Jo [ul” K |ul?

(3.30)

The previous formula implies that

2
// (nt @) — o) dudt < o0,
ul¥

Q almost surely. Similarly, we get

K 2
// (n’ w —p) dudt < 00,

ul”
Q almost surely.

Conclusion. By Definition 2.3, the two steps above allow us to show that Q is
concentrated on trajectories of measures whose density is a weak solution of the
corresponding hydrodynamic equation (see Proposition 3.6). By uniqueness of the
weak solution (see Lemma 2.8) we get that Q is unique. Indeed, we have that
Q = (4 (uyauy (Dirac mass). Then, by using the latter, we compute the expectation
in (3.28) and (3.30) and we are done. 0O

3.4. Characterization of Limit Points

In the present subsection we characterize all limit points Q of the sequence
{Qn}n>1, which we know that exist from the results of Section 3.2. Let us as-
sume without loss of generality, that {Qx}n>1 converges to Q. Since there is at
most one particle per site, it is easy to show that Q is concentrated on trajecto-
ries of measures absolutely continuous with respect to the Lebesgue measure, i.e.
w5 (du) = pf (u)du. Indeed, forany ¢ € [0, T']and for any function G : [0, 1] — R
we have that

zN, G)| <

xXeAy

Also, we know that for any continuous function G the functional 7 € .# +
(m, G) is continuous. Then, taking N — o0, we obtain that

1
(1, G)| 5/0 \G ()l

which implies that 7, is absolutely continuous with respect to the Lebesgue mea-
sure. In Proposition 3.6 below we prove, for each range of 6, that Q is concentrated
on trajectories of measures whose density satisfies a weak form of the corresponding
hydrodynamic equation. Moreover, we have seen in Theorem 3.2 that Q is concen-
trated on trajectories of measures whose density satisfies the energy estimate, i.e.
< € L0, T; ##7/?) when 6 = 0 and

/ / {(a P (u))? ('3 — pf )’ } dudt < 00
(I —uy
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for any & < 0. Since a weak solution of the hydrodynamic equation (2.10) is unique
we have that Q is unique and takes the form of a Dirac mass.

Proposition 3.6. If Q is a limit point of {Qn}N>1 then
1.if0 < 0:
Q (71. : Freae(t, p*. G, g) = 0,V € [0, T], VG € C12([0, T x [0, 1])) — 1.
2.if6 = 0:
Q (7‘[. L Fpir(t, p*, G, g) = 0,¥1 € [0, T1, ¥G € C2([0, T] x [0, 1])) =1

Proof. Note that in order to prove the proposition, it is enough to verify, for § > 0
and G in the corresponding space of test functions, that

@(n.e%+: sup |F9<t,pK,G,g>|>6>=o,

0<t<T

for each 6, where Fy stands for Freq- if 0 < 0 and Fp;, if & = 0 . Indeed, we have
that

t
F@(l9 IOK1 G, g) = <10;(s Gt) - <g9 G0> - /0 <10§7 (as + 1{0;0}L)G5>d3‘

' t
+ 1{950}16/(; <p§, GS)V] ds — ]l{gg()}l(/(; (Gy, Vo) ds = 0.
(3.31)

From here on, in order to simplify notation, we will erase 7. from the sets that
we have to look at.

By definition of Fy above we can bound from above the previous probability
by the sum of

8
@( sup |Fy(t, 0, G, po)| > —) (3.32)

0<t<T 2

and
)
Q(I(,Oo —g,Go)| > 5) .

We note that last probability is equal to zero since Q is a limit point of {Qn}n>1
and Qy is induced by ux which is associated to g. Now we deal with (3.32). Since
for & < 0 the function G has compact support included in (0, 1) the singularities
of Vp and Vj are not present, thus from Proposition A.3 of [14], the set inside
the probability in (3.32) is an open set in the Skorohod topology. Therefore, from
Portmanteau’s Theorem we bound (3.32) from above by

5
liminf Qy [ sup |Fo(r, 0, G, po)| > = | .
N—o0 0<t<T 2
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'
Summing and subtracting / O(N)Ly (nSN , G4)ds to the term inside the previous

0
absolute value, recalling (3.1) and the definition of Q, we can bound the previous
probability from above by the sum of the next two terms

Py ( sup MY (6)| > g)

0<t<T

and

t
/ ON)Ly (Y, G )ds—/ <nSN,11{9=0}]LGS> ds
0 0 (3.33)

)
> — 1.
4

N 8 1 T )
P,y | sup ‘M, (G)‘>Z S S Euy |:/(; O(N) [LN< . G)

0<t<T 82

P.y | sup
0<t<T
t

13
+ 1{950}/6/ (ps, Gs)y, ds —1{950}K/ (Gs, Vo) ds
0 0

By Doob’s inequality we have that

— 22N, GyLy (), G)] ds] .

In the proof of Proposition 3.1 we have proved that the term inside the time
integral in the previous expression is ¢(N?~2). Then, using the fact that y < 2
we have that last probability vanishes as N — oo. It remains to prove that (3.33)
vanishes as N — oo. For that purpose, we recall (3.2) and we bound (3.33) from
above by the sum of the following terms:

t
Puy | sup /0 ®(N) Z,ZNG( )nx (s)ds

0=t=T N - lxeAN
13 N 8
- /0 (7, 1oL Gy) ds| > 2—4>, (3.34)
! KO(N)
Frn ozgr /0 mx;\ Gory) G e =1 ()
! 8
— 1{950}16/0 (Ger ) (u) (o — pf(u))du} ds| > 2—4) (3.35)

and

! O(N
Py | sup /0 KOl )1)2«; VEDB =Y () (3.36)

NO(N
0<t<T ( rehy

1
- 11{950}K/0 (Gsr ) (B — ,Of(u))du} ds

> %) (3.37)
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For 0 = 0 from (3.6) we have that (3.34) goes to 0 as N — o0. For 6 < 0 we have
that from (3.6) and 3.5 the boundary terms (3.35) and (3.36) goto 0 as N — oo.
This finishes the proof Proposition 3.6. O

4. Proof of Theorem 2.13

For easy understanding of the proof of items (i) and (ii) of Theorem 2.13, we
first establish some notation and prove some lemmata.
Recall the function p* introduced in Remark 2.7 which can be rewritten as

Bu? +a(l —u)”

0 (u) = N T—

It is easy to see that p°°(0) = o and p*>°(1) = B. Moreover, it is not difficult to see
that 5> € C'([0, 1]) and that

lim (,6°°(u))/u2‘V = lim (s> W))' (1 — u)Z—V =0,
u—0 u—1
and from Lemma 7.2 of [15] we conclude that
161l 2 < oo. 4.1)

By the fractional Hardy’s inequality (see e.g. [12]) and the fact that V; (%) <
Vi(u) forall u € (0, 1) we know that

gl Slglvy Slglly /2 4.2)

forany g € %‘BV/ 2, and where | g||v, is defined in the beginning of Section 2.3.

In order to prove items (i) and (ii) of Theorem 2.13 we first guarantee the
existence of weak solutions of Equation (2.10) with x = 0 and (2.12), (see Lemmas
4.1 and 4.3 below), then we establish the convergence in L2(0, T; L?) (see Lemmas
4.2 and 4.4) which will allow us to conclude.

Lemma 4.1. Let pg : [0, 1] — [0, 1] be a measurable function. Then, there exists
a weak solution of (2.10) with & = 0 and initial condition py.

Proof. The strategy of the proof is to construct the solution as the limit of p*, as
x — 0, where p is the weak solution of (2.10) with initial condition pp and & = .
By item 1) in Theorem 3.2, for any ¥ > 0 we know that

/Inpfni/zdt <1l + 1) 43)

for any interval I C [0, T']. We define

Vi €[0,T], VYuel0,1], ¢f(u):=pfu)—p>u). 4.4)
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Since we are interested in small values of «, say ¥k < 1, from (4.3), (4.1) and the
fact (a 4 b)*> < 2a” + 2b?, it is not difficult to see that

/ I6F I ol S 11, 45)
thus we have that ¢ € L2(O, T; %‘f)y/z). It is also easy to see that ¢* satisfies

t
{¢r . Gi) — (90, Go) _/o (¢f, (L +35) Gy) ds

t t
+K/ <¢§,Gs>vlds—/ (5, LGy)ds = 0 (4.6)
0 0

for all t € [0, T, for any function G € Ci’oo([O, T1 x (0, 1)) and where ¢o(u) =
po(u) — p*°(u). From (4.5) we conclude that there exists a subsequence of
(@) ice,1) convergmg Weakly to some element go e L%, T; ny/z) ask — 0.
We claim that p© := 5> + ¢ is the desired solution. Indeed, first note that since
the norm || - ||, /2 is weakly lower-semicontinuous we have that

/1 15 jpdt S 1. (4.7)

By using (a + b)?> < 2a® + 2b* we have that

[ 16012 ot <2 [ 01 e+ 2 [ 160 e S 101
1 1 1

Taking I = [0, T], we have that ,00 satisfies item 1) of Definition 2.3. Since (po €
L0, T; %V”), it is easy to see that p*(0) = 5>®(0) = & and p?(1) = p>(1) =
B for almost every ¢ € [0, T]. Then, item (ii) for ¢ = 0 in Definition 2.3 is satisfied.
In order to verify that po satisfies item (iii) in Definition 2.3 we first integrate (4.6)
over [0, ¢]. Thus we have that

t
f(goA,G)ds—z(@o,Go // (@f, AL+ 9,) G,) drds

+/<// o, G vldrds—// (p>°, LG, )drds =0

for any function G € CC‘ ([0, T] x (0, 1)). Taking k — 0, by weak convergence
and Lebesgue’s dominated convergence theorem we get from the previous equality
that

t t Ky
fo (@, Gy)ds — t(go, Go) —/O /0 <¢9, (L + ar)G,> — (5™, LG,)drds = 0.

Now, taking the derivative with respect to ¢ in the previous equality we get that ¢°
satisfies

t t
(60 G~ (go.Go) = [ (68 (L )G ds = [ (™. LGds =0 @8)
0 0

for all # € [0, T]. Then, item (iii) with k¥ = 0 in Definition 2.3 follows from (4.8),
the definition of p° and 5> O
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Lemma 4.2. Let pg : [0, 1] — [0, 1] be a measurable function. Let p* be the weak
solution of (2.10) with initial condition py and k = k. Then, p* converges strongly
to ,00 in L>(0, T; L?) as goes to 0, where ,00 is the weak solution of (2.10) with
Kk = 0 and initial condition py.

Proof. Note that is enough to show that
' 02 2
[ et = P as 5
0

forall 7 € [0, T]. By Lemma 4.1 we know that p = 5> 4 ¢. Then, last inequality
is equivalent to

t
/0 ot — @017 ds < k. 4.9)

By subtracting (4.8) from (4.6) and calling Bf =f — gp? we obtain that

t

t
61,6 = [ L0 G)as =~ [ Gaves @10)
0 0

for any function G € Cg’oo ([0, T1x (0, 1)).Let { H) },,>1 be a sequence of functions
in CCI’OO([O, T] x (0, 1)) converging to 8 as n — oo with respect to the norm of
L%, T: %”/2) and forn > 1, let GX (s, u) = f; H¥(r, u)dr. We claim that by
plugging G, into (4.10) and taking n — oo we get that

t t
/ 18512 ds+ ——K/ <¢§,/ 8’,‘dr> ds.  (4.11)
y/2 0 s Vi

We leave the justification of the equality above to the end of the proof. Now, by
using successively the Cauchy—Schwarz’s inequality we have that

8"ds

/||8K||2ds+ Sde <K/ o v, /BKdr ds
v/2 s Vi
t t t 2
Sk /nwgni/zds / /Sfdr ds.
4.12)

In the last inequality of the previous expression we used (4.2). By the triangular

inequality we have that \/ I

t t 2 t oot
L[ 15etar) as < o [ [ 1612 paras
\/ '
s e [ (ot + ot
| (115 + WP )

2
/. : skdr H /zds is bounded from above by
’ 14

(4.13)
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In the first inequality in the previous display we used the Cauchy—Schwarz’s in-
equality and in the second inequality we used the Minkowski’s inequality and the
inequality (a + b)> < 2(a® + b?). Using (4.5) and (4.7), we get from (4.12) and
(4.13) the result.

We conclude this proof justifying (4.11). Note that it is enough to show

@ lim f , (85G ) (s, ))d / 118% 1% ds.

(iD) lim/ (85, LGy (s, )ds——‘”/ 8y ds Hy/z

(iii) hm/ gpé,G"(s )) ds—/ <<ps,/ 8"dr> ds.
0 s Vi

For (i) we rewrite [, (85, (3,GX)(s, -))ds as

t t t
—/ (8, H*(s,))ds = —/ (85, HY(s,) — 85)ds — / 118% 12 ds.
0 0 0

Observe then that by Cauchy—Schwarz’s inequality we have

‘/ Hy (s, )—8K>ds
T
< /uxww /nwn»—me
0 0

which goes to 0 as n — oo since HY — §¥ in L0, T; %y/Z). For (ii), since G,
has compact support included in (0, 1), we can use the integration by parts formula
for the regional fractional Laplacian (see Theorem 3.3 in [15]) which permits us to

write
! t
/(5§,LGZ(S, ))ds = /<5K G (s, )>
0 0

T
_Anxwma»—st

Then we have

t t t
(SK,GKS,-> ds=/<8K,/8Kdr> ds
A<sn<>wz o [aer)
t t
+/ <5§,G;(s,-)—/ sdr) ds
0 K v/2
- 5< . 85)., » dsd s (e — s ar) d
- <s’ r>V/2 sdr + as’ ( n(r’) 8}’) r S
O<s<r<t 0 s v/2
1 t t
_ - 55 85). o dsd < | (B¢ —s)dr) 4
2//[o,z]z(s ly/2dsdr o+ /o <s /s (Hi ) = 57) r>y/2 *
=1H/15deH2 + /[<8",/I(H"(r,-)—8")dr> ds.
2 0 N )//2 0 N P n r )//2
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To conclude the proof of (ii) it is sufficient to show that the term at the right hand side
of last expression vanishes as n goes to oo. This is a consequence of a successive
use of Cauchy—Schwarz’s inequalities:

t t
/O<sg,/s (H(r, -)—Sf)dr>y/2ds

t t
<[ s H / HE(r, ) — 8¢ drH ds
/0 vz I Jg (#; ) /2

“x

t t
< 8¢ / (r,) — 8¢ dr ds
/0 Sy Jg 07 "y
' ' 4.14)
< 5« H (r, ) — 8¢ drd
_/0 SVﬂ/o” n ) ’y/zrs
t t
= (/ 8% ds) (/ AR dr)
v/2 0 y/2
\// 8 \/ e (r, )—8‘“ dr —— 0.
y/2 v/2 n—00

To prove iii) we rewrite fo (@5, G¥(s,-))v,ds as

t t t t
/ <(p_ly( ) / (H,I; (ra ) - 6;-() dr> ds + / <(p§ . / 85dr> dS
0 K Vi 0 s Vi

and, to conclude the proof, it is sufficient to show that the term at the left hand side
of last expression vanishes as n — oo. This is a consequence of a successive use
of the Cauchy—Schwarz’s inequality as in (4.14), with || - ||, 2 replaced by | - ||y,
and Hardy’s inequality:

‘/Ol <<p§,/sl{H,f(r, ) —3f}dr)v ds

1

/t (H () —5f)drHV ds

IA

t
/0 Vi
t t
< @~ H(@r, ) =8| drds
= Jo s vi J, n\" r v
t t
< / oy / HY(r,)—&;| drds
0 Vi Jo Vi

— HE(r,-) —

9§

3y . dr)

dr
Vi

/0’ d) ‘A

t 2 t
<Ct / K ds /
0 v/2 0

where in the last inequality we used the fractional Hardy’s inequality (see (4.2)).
O

N

o) — o[

o5

2
) — AK
n(r,) 6}” y/zdr m} O,
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Lemma 4.3. Let pg : [0, 1] — [0, 1] be a measurable function. Consider the
function p>® = p> + (pg — p>)e V1. If g := py — p>° € A%, then
(i) p> € L*(0, T; /%) ;

(1) p*° is a weak solution of (2.12) with initial condition py.

Proof. For (i) note that by using the inequality (a + b)? < 2a? + 2b* we get that

’ 2 2 T V. 2
ﬁ m?mpmszﬂmmmp+zA g ar.

v/2

Since |[0*°|ly2 < oo (see (4.1)) it is enough to prove that the term on the right

—tVq

hand side of last expression is finite. Note that H g% Hi P is equal to

¢y /'/ (8% w)e= V1) — g2 (p)e~Vi (”))2 dudu
2 [0’1]2 |M — U|y+]

dudv.

3 Cl // (gOO(M) (eftV] (u) _ eftV] (v)) + (gOO(u) _ gOO(U)) eftV|(u))2
2 Joar | — vy

Using the fact that (a 4+ b)> < 2a” + 2b* and that |g® (u)| < 2 for any u € [0, 1]
we get that last expression is less than 8||e =" ||J2//2 +2||g*° ||)2//2. Note that the term

8lle~"1 ||)2//2 can be written as

YtV (w)e Vi gy 2
4c,, // (f” 1(we ) dudv
[0,1]2

lu — v|r+!

dudv.

(fv" t (%r‘(w) — ﬁﬁ(w)) e—’VI(w)dW)z
e //[‘0,1]2

lu —v|r+!

Again using (a + b)> < 2a* + 2b* and the fact that eV () < e~ W) for any
w € [0, 1], we get that the last expression is bounded from above by

dudv

_ 2 2
. // (fv” Lir=(w)e™"” (w)dw) ) (fv“ ﬁtrﬂw)e—trﬂw)dW)
c
4 [0,112

lu — v|y+! lu —v[r+1

_ 2
(fvu %tr‘(w)e_" (w)dw)
= 16¢, // dudv.
[0,1]2

lu — v|r+1
In the last equality we used a symmetry argument. We can write the last expression
as

2y—1

Zy—l1 _ 2
2-2y // (fv” wY2(tr=(w)) ¥ e (w)dw) dnd
udv,
[0,172

Cyt v
v lu — v+
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27 4y—2
where C,, = 166VV y v . Since the function Ey, : [0, 00) — [0, 00) defined

2y—1
as E,(z) =z ¥ e *isbounded from above by E, (2)’}/—_1) we can bound last

expression from above by

2-2y y-24
w w
Cyt 7 EX( 2y 1) / (o ) My = 7 qude
0,112

Cu— vt
2-2y y—1 y—1)2
M — v
=Cyt 7 EJ(E)(y —2)” 2// 1) dudv,
12 lu—vlr*

which is finite from (7.2) in the proof of Lemma 7.2 of [15]. Thus, we have that
2-2y
Ble ™2, St v (4.15)
Therefore, if g € 7 ¥/2 we conclude that

! 2 2 2 T 2=y
/O IIpf"IIy/zdtST||p°°||y/2+T|!g°°||y/2+/ t v odt

STIA I + T 8], /2+T v

which is finite, since y < 2.

For (ii), since p is the solution of (2.12) then it satisfies item (ii) of Definition
2.6. In order to see that p°° satisfies item i) of Definition 2.6, note that using
(a + b)? < 2a% + 2b* we have that

00r \\2
/ / ( <u>) +(ﬂ—p, W) )dudt
(1 —u)r

1 _ =0 2 _ =0 2 T
<or [ ((“ PR | B Pmw) )du+8lf e V11, di
0 0

uY (I —u)y Ccy

2 ! 8y (T Vi2
=2T(f —a) / (uy+(1—u)y)du+—f lle™" "1, dr
0 Cy Jo

2 8y [ —tVi 2
<2"(B—a) T+—/ lle™" "Iy, dr.
CV 0

For the term on the right hand side of last expression we first see that we can extend
continuously the function e ~*V1 in such a way that it vanishes at 0 and at 1. There
exists a constant C; (see 4.2) such that the previous expression is bounded from
above by

C?
(6 - ap’T + L2 / eV 12 . 4.16)
Cy 0

Thus, we obtain the desired result by using (4.15). O
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Lemma 4.4. Let pg : [0, 1] — [0, 1] be a measurable function, such that py —
p>® € V2. Furthermore, let p* and p™ be the weak solutions of (2.10) and
(2.12), respectively, and with the same initial condition pg. Let ,5;( = ,of/K , for all

t € [0, T]. Then p* converges strongly to p*>° in LZ(O, T; L2), as k goes to oo.

Proof. It is enough to show that

1
f o5 — Pl ds—/ 198 — |17 dsN\/_ (4.17)

for all 1 € [0, T] where ¢¥ = p< — 5> and ™ = (pg — p>°)e~'V1. Tt is not
difficult to see that @) satisfies

t

t
(é);(, Gl‘) - <¢0’ GO) - / (é\)’v(’ aSGS> ds + / <¢)’\~(’ GS)VldS
0 0 (4.18)

1 t
- —f (6X. LG)ds =0
K

for all functions G € Ccl’oo([O, T1] x (0, 1)). Then, stating that 87‘ = Q" — ™, we

have that
A N L
<5,K,G,>—f 8. (L + 4, ) G, ds—}-/ <5§,G5)
0 K 0 Vi
1 t
= _/ <'O;>o’ Gs)y/ZdS
« Jo

for any function G € cj’“’([o, T] x (0,1)). Let {f],’f}nzl, be a sequence of
functions in Cﬂ""’([o, T1, (0, 1)) converging to 8% with respect to the norm of
LZ(O, T: %y/z).Now, forn > 1 we define the test function é’,j(s, u) = f; I-AI,;‘ (r,u)
dr. Plugging Gﬁ into (4.19) and using a similar argument as in proof of Lemma

4.2 we get that
t A~
/ ||8'“|| ds + — / S¥ds
y/2 0

:—/ <pb ,/ 8Kdr> ds.
kJo s v/2

By neglecting terms we get that

1 t t
f o5 — ps |I2ds—/ 18417 ds < —/ <py f 6“dr> ds.
K s /2

Then it is suffices to show that

1 [t r 1
— ,0‘?0,/ 8"dr> ds < —.
"/0 < T g NG

(4.19)

2

85 ds

2 1
+_

Vi
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To do this, we start by twice using Cauchy—Schwarz’s inequality so that the term
at the left hand side of the previous expression is bounded from above by

1 t ZA l t 5 t ZA
e [sar| a2 e pas | [ [ s
K/o s s v/2 Ky Jo > /2 o lIJs "

Since by hypothesis pg — p™ € #7/? we know from item (i) of Lemma 4.3 that
o> € L%0,T; Y/ 2). Thus, from the latter, and by the triangular inequality, the
right hand side in the previous expression can be bounded from above by a constant

time
1 t i 2 1 ro 2
- f f||5£‘||y/2dr ds S —/t /|I5f||y/2dr .
K 0 s K 0

By using Cauchy—Schwarz’s inequality again, the term on the right hand side in
the last expression is bounded from above by

1 Lo 1 !
— |42 2 _ 42 A 2
K\/f /0 185113, pdr = K\/I /0 loF = pPelly pdr

1 t
_ 2 Ak 12 2
S K\/ZI /O ||/O;(||y/2+ ||p;’°||y/2dr.

2
ds.
v/2

In the last inequality we used the Minkowski’s inequality and the fact that (a+b)* <
2a% + 2b%. Now, since fot | o ||Jz/ /2dr <k (this is due to item (i) of Theorem 3.2

and a change of variables) and p™ € L%(0, T: #Y/?), we can see that

1

)

1 ! 1
2 Ak (12 0|2 /
K_\/ZI /0 ”p;”(”y/Z ”IOF ||y/2dr §K K 1 S/

Bl

and we are done. 0O

4.1. Proof of Item (i) of Theorem 2.13.

Recall ¢f defined in (4.4). Note that it is enough to show (4.9) with | - || replaced
with || - ||, /2. From (4.10) we obtain, for & > 0, that

t+e t+e
(8f1e» Grre) — (87, Gy) —/ (85, (L +95) Gs)ds = —K/ (¢, Gs)vyds
t 1t
(4.20)
for any function G € Cg’oo([O, T] x [0,1]). Let {HY},>1 be a sequence of

functions in C,}’OO([O, T1, (0, 1)) converging to §“ with respect to the norm of
L%, T: %%V/z) as n — 00. Now, for n > 1, we define the test function G (1) =
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1 rt+ . . . . ..
=1 ¢ H) (r, u)dr. Plugging G¥ into last equality and taking n — oo, a similar
argument to the one of the proof of Lemma 4.2 allows us to get

1 t+e 1 t+e
<8;‘+8 8;‘,/ 8fdr>+s —/ 3cdr
t € Ji
t+e 1 t+e
= /cf <<pf, —/ 8fdr> ds.
t € Jt Vi
Integrating last equality over [0, 7], we get
r 1 [r+e 2 [ ptte 1 [tt+e
8/ —/ sedr dt:Kf / <<p§,‘,—/ 5,Kdr> ds dt
0 1€ Je v/2 0 Ji € Ji Vi
1 r t+e
- /0 <5,K+8—5,K, / afdr>dt. @21)
1

Now we use Cauchy—Schwarz’s inequality, Hardy’s inequality and (4.5) to get that

[ ptte 1 [ite
K/ / <(p;‘ —/ 8fdr> ds dr
0 Jt & Jt Vi

2

v/2

t ptte 1 t+e

§Kf / s 1y 2 —/ skdr ds dr
0 i & Je v/2
[ ptte T ptte || ptte 2
2

Sk /f @15, pdsdt f/ —/ skdr|  dsdt

0 Jt 0 Jt & Jy v/2

S| :
<wevi / - / sedr|  dr. 4.22)

0 € Jr v/2

Let us estimate the second term on the right hand side (4.21). First note that by
changing variables we have that

1 f t+e
—g/ <5§+5—5,K,/ 8fdr>dt

0 t
1 I ptte

=- /0 / (6%, 85)drdr — - / / 5., 55drdi (423)
1 r prte

=-/ / (85, 55) dtdr——/ / (85, 55)drdr.
& Jo Jr

The term é fg frr+6(8’( 8€)drdr can be split as

t>"r

1 3 & r+e
- / f (85, 8%) dtdr—l—/ / (8¢, 8%) dtdr—i—/ / (8%, 8)drdr
& 0o Jr 0 Je
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By Fubini’s theorem, we have that the term — 1 f e ft _ (8, 87 )drdr, which appears
in (4.23), is equal to

1 & prte
- / / (85, 8y) dtdr+/ / 5;‘,6;‘)dtdr+/ / (87, 8y )dedr
€ 0 Je

Therefore we can write the second term on the right hand side of (4.21) as

——/ f (65,85 )ydrdr + — / / (65, 85 )dr dr
/ / 187 118y de dr + — / / 187 111185 lldz dr
1 i+e
S nenar) w2 (/ 1651 dr)
€ r
i+e &

< [ e [ s

i 0

where in the inequalities above we used Cauchy—Schwarz’s inequality. Then, using
(4.22) and (4.24) in (4.21), we obtain that
f 1 t+e
- / skdr dt
o lleJs v/2 (4.25)

i l t+e¢
/ —/ Srdr
0o € Jt
1 f+e 1 &
+—/ ||af||2dt+—f 18 P,
& Ji € Jo

Taking ¢ — 0, using Lebesgue’s differentiation theorem (see Theorem 1.35 in
[22]) and the fact that §j = 0 (since the initial condition for po* and pU is the same)

we get that
’ 2 = [ 2 2
/0||85||y/2dtskx/? fo 18512 pdr + 1185112,

for all 7 € [0, T]. Integrating the last inequality over [0, T] and using Cauchy—
Schwarz’s inequality and (4.9), we conclude that

T pf T pf
/0/0||5f||)2,/2dtdt§lcT\//0 /0||5;‘||)2,/2dtdt+lcT2. (4.26)

Then, by a simple computation, we have that

(4.24)

2 2

dt glc\/t:

7/2

/ / 185113, pdedi S kT2, (4.27)



A Microscopic Model for a One Parameter Class 39

By Fubini’s theorem, we get that

T i 5 T 5 T T2 s
8¢ drdf = T —1)||8% dt > — 5% dr.
fo /O 167 1152 /O ( WS 11y o At = 2/0 167 115 /2

(4.28)
The result now follows from (4.27) and (4.28). 0O

4.2. Proof of Item (ii) of Theorem 2.13

Recall ¢f and ¢° defined in Lemma 4.4. It is enough to show (4.17) with || - ||
replaced with || - ||y,:

’ K 0012 1
fo 197 = o1, dr 5 = (4.29)
From (4.19), we obtain, for ¢ > 0, that
R R t+e 1
Bes Guae) = 651G = [ 6 ((L+2) G s
t+¢ R 11 t+e
+/t (85, Gs)y, ds = ;/t (05°, Gs)y2ds (4.30)

for any function G € Ccl-’oo([O, T] x [0, 1]). Let {ﬁ;,(}nzl be a sequence of
functions in C§’°°([0, T1], (0, 1)) converging to 8% with respect to the norm of

L%0, T; %’6”2) asn — 00. Now, for n > 1 we define the test functions éﬁ () =

1 pt+e 5 . Ak . ..
=1 ¢ H} (r, u)dr.Plugging G¥ into (4.30) and taking n — o0, a similar argument

to the one of the proof of Lemma 4.2 allows us to get

1/ . t+e R e 1 t+e R
_<5t+8—35,/ 5fdr>+— —/ 8<dr
1 t+e R 2 1 t+e 1 t+e R

—/ Sedr| = —/ <,OS°°,—/ Sfdr> ds. (4.31)
eJi v K & Ji v/2

R 2
By neglecting the term £ H % f;Jr‘g oxdr ” » in (4.31) and then integrating over
K 4
[0, 7] we get that

i 1 t+e 2 1 i ptte 1 t+e
8/ —/ Sedr|  dr < —/ / <pf°, —/ 8fdr> ds dr
0 e Je Vi K Jo Jt € Ji v/2
1 f . R t+e R
- E/o <5;‘+8 — &5, /z 8fdr>dt. (4.32)

Now we use Cauchy—Schwarz’s inequality twice in order to get that the first term
on the right hand side in the previous expression is bounded from above by

1 f pt+te 1 t+e
— & — 8¢d
K/O / 16l 2 E/I <dr

2

+¢&

ds dt
v/2
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2
< \/ / / 105112 dsdr / / f Sedr|  ds.di
v/2
T ptte f 1 [ite . 2
fé log® 12 ,dsdz - skdr dr. (4.33)
y/2 r
< ¥Jo e o lleJs v/2

By a similar argument as to the one in the proof of item i) of Theorem 2.13, we
have that the second term on the right hand side in (4.32) is bounded from above
by

l t~+€ R 1 & R
= | I8P+~ N8P (4.34)
& Ji & Jo

Therefore, by using (4.33) and (4.34) in (4.32), we get that

i 1 t+¢ 2
/ -/ s<dr| dr
0 v
\/ i 1 t+8A 2
loSe 1% ,dsds / —/ skdr dr
/ / v/2 0o 1€ Jr ' v/2
1
+gf 18 1%dr 4 — / 118 |%dr. (4.35)
t

Taking ¢ — 0, using Lebesgue’s differentiation theorem (see Theorem 1.35 in
[22]) and the fact that §; = O we get that

f
/ ||5K||V1dt<—\/ f ||p°°||y/2dr\/ f 1812 -+ 1351
0

for all 7 € [0, T]. Integrating the previous expression over [0, 7] and using the
Cauchy-Schwarz’s inequality we get that

/ /||8“||thdt< \// /||,0°°||y/2dtdt\// /||8K||y/2dtdt
+/ 185 |1>dF
0
1 rrr 1 (4.36)
K 7z .
< ; /0 /0 ”(St ||y/2dl‘df + ﬁ’

1 r 1
< _— (2T oK o0 dr + —,
K\/ /0 195 1 + 1051 ot + —=
1 1
S=VkK+2)+ —.
K N3
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In the second inequality above we used the fact that p>° € L2(0, T; JY/?) (see
itemi) of Lemma4.3) and (4.29), while in the third inequality of we used Minkoski’s
inequality and the fact that (a + b)> < 2a® + 2b>. Finally, the last inequality of
(4.36) is true, since p™ € L2(0, T'; ##7/?) and item i) of Theorem 3.2.

Then, by a simple computation, we have that

T ,f

. |

SN2, drdf < —. (4.37)
fO/OII,IIV1 SR

By Fubini’s theorem, we have that

T ) T - T TR
/ f ”8:‘(”% drdt = / (T — t)||8;(||vI dr > —/ ||3;(||VI dr. (4.38)
o Jo 0 2 Jo

The result now follows from (4.37) and (4.38). O

5. Proof of Theorem 2.15

In this section we prove items (i) and (ii) of Theorem 2.15. Now we are interested
in analyzing the convergence of the stationary solution p* as k — 0 and k — ooc.
From Definition 2.9, for « > 0, and for ¢ = p* — p>° we have that ¢* € %y/Z
and

(@, —LG) + «(¢*, G)v, = I;2(G) (5.1

for any test function G of compact supportincludedin (0, 1). Above /5 : %y/ SN
R is a linear form defined by /5 (G) = (p°°, LG). Moreover, this linear form is
continuous. Indeed, using integration by parts given in Proposition 3.3 in [15] we
have that

1
|[(G)| = /O 5% (W)LG (u)du
o ff (52w = FENGW -6 | (52)
-2 M oar lu — v|r+!
<171, 21Glly 2 < oo.

Above we used Cauchy—Schwarz’s inequality and the fact that || 0|, 2 is finite
(see (4.1)). Therefore, |1, (G)| S IGIl v
0

Then it is enough to analyze the behavior of ¢*. We claim that we can take
G = ¢“ in (5.1). The justification is postponed to the end of the proof. Whence,
from (5.2), we have that

G112 )2 + € I1G* 115, = T (@) S 18y 2, (5.3)

from which we conclude that [|¢*||,, 2 < oo. Plugging this back into (5.3) we get
that

1
Ny, S —. 54
19" vy S (5.4)
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Now, note that ¢° € %y/z satisfies (¢°, —LG) = 155 (G), for any function
G € C2((0, 1)). Then ¢* — ¢° satisfies
(¢ =", —LG) + (3", G)y, =0

for any function G € C2°((0, 1)). We claim that we can take G = ¢ — #° in the
previous equality. The proof is analogous to the one done at the end of this section.
Thus, we get that

16° = @°115 2 = (", @° — v < cllg“ v 16" — @°llv,
From (5.4) and fractional Hardy’s inequality given in (4.2) we have that

16 = 6°13 2 SVENF = @llvi SVRIG = @l 2,

from which we conclude that ||¢* — (,50||y /2 S /k. Then @ converges to @°, as
k — Ointhe || - ||, /2 norm. So far we have proved item (i).

Remark 5.1. From the fractional Hardy’s inequality (see 4.2) the convergence is
also true in L%,l , and since

165 = @°llv, = Vi lIg* — @°ll,
we conclude that the convergence also holds in L?.
For item (ii), by (5.4) we get that ||¢“ ||y, — 0, and so [|¢“|| — 0 as k — oo.
We conclude this proof by showing that we can take G = ¢* in (5.1). Indeed,
since C°((0, 1)) is dense in %’63//2, there exists a sequence {H,‘f},,zl in C2°((0, 1))
converging to ¢*, i.e, | Hy — ¢“ |2 — 0asn — oo. Observe that as a result of
the latter and (4.2) we also have ||HY — ¢“|ly, — 0 as n — oo. Using Cauchy—
Schwarz’s inequality we have that
(@ Hy — 3y 2 < 10Ny 2l Hy = @ lly 2,
(@ Hy — @) < 19 I 1 Hy = @ llv,.
Lo (Hy — @) < 15y 2l Hy — @“lly 2,
all going to 0 as n — oo. Thus, we can rewrite (5.1) as
(@, —Lg") + (@, ~L(Hy — ¢) +x (@ . ¢ )y, + (. Hy — ¢ )v)
=I5 (@) + Iy (Hy — §°).

Now it is enough to take n — co. 0O

6. Uniqueness of Weak Solutions

In this section we prove Lemmas 2.8 and 2.11. For Lemma 2.8, we only focus
in the proof of the uniqueness for the weak solutions of (2.10) for ¢ = k > 0. The
proof of the uniqueness of the weak solutions of (2.10) for x = 0 and (2.12) is
analogous, the difference is that only the first two items in Lemma 6.1 below are
required. Finally, in Section 6.2 we prove Lemma 2.11.



A Microscopic Model for a One Parameter Class 43

6.1. Proof of Lemma 2.15

Let p! and p*? two weak solutions of (2.10) with the same initial condition
and let us denote 5 = p*°! — p*2. For almost every ¢ € [0, T'], we identify pf with
its continuous representation on [0, 1]. Therefore, by Remark 2.4 we have p; (0) =

pf (1) = 0. Since %%W 2is equal to the set of functions in .7#’¥/? vanishing at 0 and 1
we have that p; € %%V/z fora.e.timet € [0, T']and, in fact, p* € L%, T; %%V/z).
Moreover, for any ¢ € [0, T] and all functions G € CCI’OO([O, T]x (0, 1)) we have

t

(ﬁ;‘,G,)—/(;t<ﬁf,<8S+]L>Gs>ds+/</ (5. Gy)y, ds = 0. (6.1)

Note that, itis easy to show that C1**° ([0, T1x (0, 1)) isdensein L2(0, T’; jﬁ)y/z).
Let {H) },>1 be a sequence of functions in Ccl’oo([O, T] x (0, 1)) converging to p*
with respect to the norm of LZ(O, T; %’61/2) asn — o0o. Forn > 1, we define the
test functions V¢ € [0, T], VYu € [0,1], G} (t,u) = f[T H) (s, u)ds. Plugging
G into (6.1) and letting n — oo we conclude by Lemma 6.1 below that

2
a H/ Hf
/Onpqu stz [ aras] +5

Recall that (-, -)y, (resp. |- ||y, ) is the scalar product (resp. the norm) corresponding
to the Hilbert space L%,

Then, it follows that for almost every time s € [0, T'] the continuous function
px 1s equal to 0 and we conclude the uniqueness of the weak solutions to (2.10).

=0. (6.2)

Lemma 6.1. Let {G};},,>1 be defined as above. We have

T T
(i) lim_ fo (55, (0,G8) (s, ))ds = — /0 IIﬁ”Ilzds;
T
(i) nlggo/OT(p“LG n(S, ) H/ y/2
(i) lim/ (55, GE(s, ), H/ de < 00
n—0o0 0

Proof. The proof of this lemma is quite similar to the proof of items (i), (ii) and
(iii) in the proof of Lemma 4.2. For that reason we just sketch the main steps of the
proof and we leave the details to the reader. For (i) we have that

T T T
- /0 (BY. (8:GE)(s. ) ds = /0 (35, HY (s, ) — p¥)ds + /O 175 12ds, (6.3)
and by the Cauchy—Schwarz inequality,

T T
< /0||ﬁ§||2ds /OIIH,f(s,')—ﬁs”llzds,

6.4)

T
[ 1ot - st)es
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which goes to 0 as n — oo.
For (ii), we first use the integration by parts formula for the regional fractional
Laplacian (see Theorem 3.3 in [15]) to get

T T ~
fo (€, LG (s, ) ds —/0 <,0S LG (s, .)>y/2ds

and as in (ii) in the proof of Lemma 4.2 we have that

T ~
/0 <p§’GK(S ) y/2 ) H/ y/2
T
+/0 <,5§,/S (HY (1, -)—ﬁf)dz>y/2ds.

Now, note that the term on the right hand side of last expression vanishes asn — oo
as a consequence of a successive use of Cauchy—Schwarz’s inequalities. The proof
of (iii) is similar to the proof of (ii) by using the fractional Hardy’s inequality (see
(4.2)) and since C2°((0, 1)) is dense in Hg/z we have that any g € Hg/z is also
in the space L%,l and that (4.2) remains valid for g. In particular, we have that the
right hand side of (iii) is finite. We have

[ a4 [ s
r ~i r K ~K
+/0 (ps,'/s (Hn(t,-)—p,)dt>vlds.

To conclude the proof of (iii) it is sufficient to prove that the term on the right
hand side of last expression vanishes as n — oo. But this is a consequence of a
successive use of the Cauchy—Schwarz inequalities and Hardy’s inequality, from
which we get

V ,os,‘ (HE(, ) — )dt>1ds

2 T 2
<CT f ds / HH,’,‘(t, S| @ — o
0 v/2 0

}’/2 n— o0
The proof of the uniqueness of the weak solutions of (2.10) for k = 0 is analogous,
the difference is that only the first two items in Lemma 6.1 above are required. The
uniqueness of the weak solutions of (2.12) is analogous as well, in this case only
items (i) and (iii) in Lemma 6.1 above are required. O

(6.5)

o5

6.2. Proof of Lemma 2.11

Recall (5.1). As we will see below, by Lax—Milgram’s Theorem (see [6]), there
exists a unique function @* € ,%’6}’/ % which is solution of (5.1). Then, it is not
difficult to see that ,5’? = @’2 + p° is the desired weak solution of (2.14). For
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that purpose, let ak - %y/ 2 X %y/ LN R be the bilinear form defined, for
G,F e %”Oy/ 2 as

a*(F,G) = (F,G)ypp + k(F, G)y,. (6.6)

From Lax—Milgram Theorem, in order to conclude the existence and uniqueness
it is enough to prove that a* is coercive and continuous. For & > 0, we can easily
see that

¢ (G.G) 2 min{1. & Vi) (IG1} 2 + I1GI?) = min{1 &Vi(DIGIP, .

For k = 0, since on ,9%7/ the norms || - ||,,/2 and || - || sv/2 are equivalent we have
that

0 2 2
a'(G,G)=1Glypn 2 IIGII%V/2~

Therefore a* is coercive for & > 0. Moreover, by using the Cauchy—Schwarz’s
inequality we obtain that

la®(F, G)| < IFlly2lGllysa +&UFIv, I1GlIv).
From the fractional Hardy’s inequality (see (4.2)) we have that

la*(F, G)| S @ + DIFlly 211Gy 2)

and since on %”Oy/ % the norms Il - lly2 and || - || spv/2 are equivalent, we conclude
that the bilinear form a* is continuous for « ">(). This ends the proof.
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Appendix A: Computations Involving the Generator

Lemma A.1. For any x # y € Ay, we have
() LY (nxny) = neLiyny + nyLyne = p(y = x)(1y = n2)?,
(ii) L?v(nxrly) = ﬁxLRﬂ?y + nyLyvnx,

(iii) Liy (nx1y) = mxLiyny + 0y Liy s

Proof. For (i) we have, by definition of L?V, that

1 - .
Lyun) =3 Y pG =5 [@ @™y —na ]
TyeAy
1 . .
= 5 Z p(y —x) I:((O'x'yn)xny — NxMy) + ((O—X’yn)ynx — Nx1y)

X, yeAN
+ @ @)y = @ ey = @)+,
anL(j)vny
1 e .
+ Lyt 5 D pG =) [(ffx”n)x - nx] [(cfx’yn)y - ny]
TjeAy
_ 0 0. _ _ — )2
=nxLyny +nyLyne —p(y —x)(ny —nx)”.

In order to prove (ii), note that [(ofn)x — nx] [(U’E ny — ny] is equal to zero, for
all x € Z. Thus, by definition of L', we have that

Lyt = Y pG =B el = B+ 1 =00l [ @ o my = nen, |

XeAnN,y=N
=nLiyny + nyLiynx
+ Y pG-D
XeAn,y=N
121 = B) + (1 = n0)B) @ = i | [@Tmy =, ]
=nxLiyny +nyLiynx.

The proof of the third expression is analogous. O
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